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Abstract—In this paper, we investigate channel allocation for ul-
tradense device-to-device (D2D) communications. Different from
both binary graph and undirected hypergraph interference model,
an improved directed hypergraph is applied to simultaneously
represent cumulative and asymmetric interference aspects in the
context of ultradense communications. We formulate the chan-
nel access problem in cloud D2D communication networks as a
directed-hypergraph-based local altruistic game, which is proved
to be an exact potential game. Then, a multiagent concurrent learn-
ing scheme in centralized-distributed fashion is proposed to search
the optimal pure Nash equilibrium, which can also maximize the
normalized network capacity. Finally, simulation results are pre-
sented to validate the proposed learning scheme.

Index Terms—Directed hypergraph, Channel allocation, Device-
to-device communications, Exact potential game, Learning
algorithm.

I. INTRODUCTION

D EVICE-TO-DEVICE (D2D) communications has emer-
ged as a promising technology in the fifth generation (5G)

communications, because it can enable the direct transmission
among communication devices without the assistance of base
station (BS) [1], [2]. Accordingly, D2D communications can
significantly improve the spectrum utilization efficiency from
the perspective of spatial domain and alleviate wireless op-
erator’s traffic burden. In the near future, there will be nu-
merous D2D pairs under the coverage of BS. The appropriate
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channel allocation is a key issue in the resource management for
wireless networks. Many graph-based allocation schemes have
been proposed for D2D communications. However, most of
them applied the binary interference model which only focuses
on the pair-wise strong interference links. For the dense wireless
networks, it cannot well model the complex interference rela-
tionship. To respond to the limitation of the binary interference
graph, the hypergraph is introduced to represent the compli-
cated interference relationship for ultra-dense networks, such as
D2D networks [1] and small cell networks [4]. Hypergraph in-
terference model can capture the cumulative interference effects
caused by multiple co-channel weak interfering nodes.

There exist some studies on the hypergraph-based resource
allocation for wireless networks [1]–[6]. Specifically, in [5],
Li et al. investigated the scheduling problem in wireless ad
hoc networks based on hypergraph interference model. Zhang
et al. in [1] investigated the channel allocation for D2D un-
derlay communications, and proposed an efficient hypergraph-
coloring-based channel allocation scheme. Sun et al. in [2]
designed a distributed learning algorithm for dense D2D com-
munications. However, the above mentioned studies are based
on undirected hypergraph and do not fully consider the asym-
metric interference effect. In practical communication scenario,
owing to devices’ heterogenous communication capability in
terms of both transmission power and receiver sensitivity, it is
common that the interference relationship among communica-
tion devices tends to be asymmetric especially in hyper-densely
deployment networks.

In this paper, we investigate the channel allocation for ultra-
dense cloud D2D networks under the management of wireless
operator. To be specific, we firstly present an improved directed
hypergraph to represent the cumulative and asymmetric inter-
ference effects simultaneously. Then, we formulate the channel
access problem in the cloud D2D networks as a local coopera-
tion game to maximize the normalized network capacity, which
is proved to be an exact potential game (EPG) admitting at least
one pure Nash equilibrium (PNE). To fully utilize the cloud plat-
form, we design a centralized-distributed learning algorithm to
converge to the optimal PNE, which maximizes the defined nor-
malized network capacity. To the best of our knowledge, this
is the first work to incorporate the directed hypergraph into the
resource allocation of wireless networks.
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Fig. 1. Illustration of the cloud D2D network framework.

II. SYSTEM MODEL AND PROBLEM FORMULATION

As shown in Fig. 1, we consider a cloud-based D2D network
framework as similar as in [7], [8], where the end users, con-
taining D2D pair and cellular user, are under the management of
wireless network service provider (WSP). Initially, each user re-
ports its individual context information including geographical
location, transmission power and receiver sensitivity, etc to the
nearby WSP’s BS. WSP constructs the hypergraph interference
relationship among the active communication nodes in current
networks.1 Then, WSP maps the physical D2D communication
networks to a virtual decision network (VDN). In the VDN,
WSP generates a one-to-one corresponding virtual broker (VB)
for each user to make channel access decision automatically.
Finally, WSP broadcasts VBs’ decisions to their communica-
tion nodes in physical networks. Denote the user set, containing
cellular users and D2D pairs, as N = (1, 2, . . . , N), where N
is total number of users. The number of licensed channels is M
and assume that these channels are available for both cellular
users and D2D pairs.

A. Directed Hypergraph Preliminaries

Definition 1 ([11]): Hypergraph Γ denoted by Γ = (V,
E = (ei)i∈Λ), where V = {v1, v2, . . . vn} is a finite set of ver-
tices, is a family (ei)i∈Λ (Λ is a finite set of indexes) of subsets
of V and ei is termed as hyperedge.

Hypergraph is the generalization of graph and, hyperedge can
contain any subset of vertex set V. Let n and m be the cardinality
of its vertex set and hyperedge set, respectively. Generally, the
hypergraph can be specified from its one-to-one corresponding
n × m incidence matrix.

Definition 2: Incidence matrix A = [aij ]n×m is a Boolean
matrix for a undirected hypergraph Γ =

(
V,E = (ei)i∈Λ

)
,

1Since there exist numerous studies on the construction of hypergraph inter-
ference model as in [1], in this paper, we only focus on channel allocation with
given directed hypergraph interference model.

Fig. 2. An example of a undirected hyperedge with Q = 3, where Q is the
maximum cardinality of hyperedge, and its possible directed hyperedge patterns.

where aij = 0 or 1. If the vertex i is associated with the hy-
peredge j, then aij = 1; otherwise, aij = 0.

Recently, hypergraph has been introduced to represent the
complex interference relationship in hyperdense communica-
tion networks [13]. Hypergraph interference model can capture
cumulative interference effect resulting from multiple weak in-
terferers, while the traditional binary graph only focuses on
the pair-wise strong interference links. Up to now, the adopted
hypergraph models in existing studies for wireless communica-
tions are belonging to the undirected hypergraph category. How-
ever, undirected hypergraph interference model cannot precisely
reflect the asymmetric interference. For a undirected hyperedge,
there exists at least one node interfered by others’ co-channel
transmission, but we cannot clearly classify the interfered nodes
and non-interfered nodes and there may exist multiple possible
interference patterns as shown in Fig. 2 (more details will be
given in the following). To capture the asymmetric interference
effect in hyperedges, we resort to the directed hypergraph and
the corresponding definition is given as follows:

Definition 3 ((Directed hypergraph) [10]): A directed hy-
pergraph is a hypergraph with directed hyperedges. A directed
hyperedge or hyperarc is an ordered pair, E = (X,Y ), of (pos-
sibly empty) disjoint subsets of vertices; X is the tail of E while
Y is its head. In the following, the tail and the head of hyperarc
E will be denoted by T (E) and H(E), respectively.

As for directed graphs, the incidence matrix of a hypergraph
H an n × m matrix A = [aij ]n×m defined as follows:

aij =

⎧
⎪⎨

⎪⎩

1, if vi ∈ H(Ej ),
−1, if vi ∈ T (Ej ),
0, otherwise.

(1)

B. Directed Hypergraph Model With Asymmetric Interference

Generally, there is a one-to-one correspondence between
(−1, 0, 1) incidence matrix and hypergraph. In Fig. 3, we
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Fig. 3. Illustration of the improved directed hypergraph interference model and its incidence matrix. Note that in undirected hypergraph, hyperedges of cardinality
2 are represented as regular binary edges and the hyperedges of larger cardinality are represented as circles containing a set of vertices.

present an illustration of a directed hypergraph, consisting of
14 vertices and 9 corresponding hyperedges (marked by E1-E9
for simplicity), and its corresponding incidence matrix. We use
interchangeably ‘hyperedge’ with ‘hyperarc’ for directed hy-
pergraph. For hyperedge E1, node 1 is in its head set H(E1)
and nodes 4, 5 and 6 constitute their tail set T (E1). To ap-
ply the directed hypergraph for interference relationship model
in wireless networks, we need to do slight adjustments for the
original directed hypergraph. For some special undirected hy-
peredges, such as E2, in communication network, its nodes are
all interfered by their co-channel transmission, then we generate
a common virtual node 0 in the head set of the corresponding
hyperarcs, avoiding the head set to be empty and meaningless.
In Fig. 2, we show the possible directed hyperedge patterns for
a given undirected hyperedge with Q = 3, where Q is the max-
imum cardinality of hyperedge, in wireless communications.
Vertices in each directed hyperedge can be marked with one of
two different states (‘−1’ and ‘1’). This motivates us to utilize
the two states to represent nodes’ interference states (‘interfered’
or ‘non-interfered’) in the corresponding hyperedges as shown
in Fig. 3, when co-channel transmission occurs. Note that the

state of the common virtual node 0 is always marked with ‘1’
(i.e., ‘non-interfered’).

C. Optimization Problem

In the following, we first introduce a binary variable si(ek
i ),

denoting node i’s interference state in hyperedge ek
i to reflect

the asymmetric interference, as follows:

si(ek
i ) =

{
1; if ai,ek

i
= −1;

0; else.
(2)

Definition 2 (Protocol interference, PI): Let Ii(ai) be node
i’s received cumulate protocol interference from its adjacent
hyperedges when accessing channel ai :

Ii(ai, a−i) =
∑

ek
i ∈E(i)

δ
(
ek
i

)
si(ek

i ), (3)

where ai ∈ Ai and a−i denote node i’s selected channel and the
channel selection profile of all nodes except node i, respectively.
Ai is node i’s available channel set. For simplicity, assume Ai =
{0, 1, 2, . . . ,M} for any node i in the directed hypergraph and
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we additionally introduce a virtual channel 0 which represents

sleeping strategy. Moreover, E(i) =
[
e1
i , e

2
i , . . . , e

|E(i)|
i

]
repre-

sents the hyperedge set of vertex i and note that each hyperedge
in it contains the vertex i; | • | represents the cardinality of the
set; indicator function δ (•) is defined as follows:

δ
(
ek
i

)
=

{
1; ai �= 0; aj = ai ;∀j ∈ ek

i ;
0; otherwise.

(4)

Let Ci denote the normalized capacity of node i as

Ci(ai, a−i) =
{

1; Ii(ai, a−i) = 0, ai �= 0
0; otherwise,

(5)

where Ci(ai, a−i) = 0 implies that node i cannot correctly de-
code the packet or node i is in sleeping state. Define the normal-
ized network capacity C(a1, a2, . . . , aN ) as2

C(a1, a2, . . . , aN ) =
∑

i∈N

Ci(ai, a−i). (6)

Hence, we construct the optimization problem as follows:

max
a=(a1,a2,...,aN )

C(a)

s.t. ai ∈ Ai , i = 1, 2, . . . , N. (7)

The problem in (7) is a combinatorial optimization problem,
which is proved to be NP-hard [1].

D. Game Model and Equilibrium Analysis

We formulate a channel access game G =[
N,

{
Ai}i∈N ,

{
Ui}i∈N

]
for VBs in cloud, where Ui is

player i’s utility function. Recall that there exists a one-to-one
correspondence between VBs and physical communication
nodes. Inspired by [9], we define player (VB) i’s utility function
in a locally altruistic form as

Ui(ai, a−i) = Ci(ai,aNi
) +

∑

k∈Ni

Ck (ak ,aNk
)χi,k , (8)

where Ni denotes player i’s neighboring set, including those
VBs except VB 0 connecting VB i via directed hyperedges; aNi

denotes the channel selection profile of VB i’s neighbors. χi,k

denotes the binary correlation factor as

χi,k =

{
0; ∀em

k ∈ E(i, k), sk (em
k ) = 0;

1; otherwise.
(9)

Note that, χi,k = 0 implies node i is not interfered by the neigh-
boring node k’s transmission behavior and we term the VB k as
a “uncoupled neighbor” of VB i. For instance, in Fig. 2, both
VB 7 and 8 are “uncoupled neighbors” of VB 5.

Each player aims to maximize its utility as follows:

max
ai ∈A i

Ui(ai, a−i),∀i ∈ N. (10)

We present two important definitions in the following.

2We can adopt other performance metrics, such as network throughput, qual-
ity of experience and transmission delay, for evaluation. The proposed learning
algorithm can work with a slight change in utility function structure.

Definition 3 (Pure Nash equilibrium): An action profile
a∗ = (a∗

1, a
∗
2, . . . , a

∗
N ) is PNE if no player can obtain more

profit by deviating unilaterally. Mathematically, the PNE sat-
isfies Ui(a∗

i , a
∗
−i) ≥ Ui(ai, a

∗
−i),∀i ∈ N,∀ai ∈ Ai , ai �= a∗

i .
Definition 4 (Exact potential game): A game G is an EPG

if there exists an exact potential function φ : A1 × A2 ×
· · ·AN → R, which satisfies Ui(ai, a−i) − Ui(ai, a−i) =
φ(ai, a−i) − φ(ai, a−i), for any two actions ai ∈ Ai and ai ∈
Ai of any player i.

For an EPG, it possesses at least one PNE which maximizes
the potential function [9].

Theorem 1: The proposed game G is an EPG.
Proof: We construct the potential function as Φ(ai, a−i) =∑

i∈N
Ci(ai, a−i) = C(a). Now, assume that an arbitrary player i

unilaterally changes its action from ai to ai , the change in its
utility function is:

Ui(āi) − Ui(ai) = [Ci(āi ,aNi
) − Ci(ai,aNi

)]

+

[
∑

k∈Ni

(Ck (ak ,aNk
)χi,k − Ck (ak ,aNk

)χi,k )

]

. (11)

The change of the potential function corresponding to player
i’s unilateral deviation is given by

Φ(ai, a−i) − Φ(āi , a−i) =
∑

i∈N

Ci(ai, a−i) −
∑

i∈N

Ci(ā, a−i)

= [Ci(ai,aNi
) − Ci(āi ,aNi

)]

+

[
∑

k∈Ni

(Ck (ak ,aNk
) − Ck (ak ,aNk

))

]

+

⎡

⎣
∑

l /∈Ni ,l �=i

(Cl(al ,aNl
) − Cl(al ,aNl

))

⎤

⎦ . (12)

Since
∑

l /∈Ni ,l �=i

(Cl(al ,aNl
) − Cl(al ,aNl

)) = 0, and note that

∑

k∈Ni

(Ck (ak ,aNk
) − Ck (ak ,aNk

))

=
∑

k∈Ni

(Ck (ak ,aNk
)χi,k − Ck (ak ,aNk

)χi,k )

+
∑

k∈Ni

(Ck (ak ,aNk
)(1 − χi,k )−Ck (ak ,aNk

)(1 − χi,k )).

(13)

Next, we check that, for any k ∈ Ni , the following equation
holds:

Ck (ak ,aNk
)(1 − χi,k ) − Ck (ak ,aNk

)(1 − χi,k ) = 0. (14)

For any node k satisfying χi,k = 1, (14) holds obviously; on the
other hand, for any node k satisfying χi,k = 0, node k’s inter-
ference state in hyperedges is not affected by node i, hence, we
can get Ck (ak ,aNk

) = Ck (ak ,aNk
), implying (14) still holds.
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Hence, (13) can be simplified as follows:
∑

k∈Ni

(Ck (ak ,aNk
) − Ck (ak ,aNk

))

=
∑

k∈Ni

(Ck (ak ,aNk
)χi,k − Ck (ak ,aNk

)χi,k ). (15)

Therefore, we can verify that the following equation holds:

Φ(ai, a−i) − Φ(ai, a−i) = Ui(ai) − Ui(ai). (16)

That completes the proof. �
Thus, the optimal PNE of the proposed game G corresponds

to the optimal solution of (7).

III. CENTRALIZED-DISTRIBUTED LEARNING IN CLOUD

A number of learning algorithms are available to facilitate
the convergence of potential games to NE, e.g., best-response
dynamic, spatial adaptive play (SAP), and fictitious play. While,
not all of these algorithms can guarantee to achieve the optimal
PNE. Inspired by SAP, we design a multi-agent concurrent learn-
ing algorithm (MACL), which runs in a centralized-distributed
fashion, to find the optimal PNE of the formulated game. To
accelerate the convergence process, MACL randomly selects
multiple concurrent VBs in directed hypergraph to update ac-
tions rather than one in SAP at each iteration. For any two
selected VBs i and j, Ni ∩ Nj = ∅, i.e., the intersection of any
two selected VBs’ neighboring set is empty. Hence, the selected
VBs are located in separated interference region, and any se-
lected VB’s action change will not affect others’ utility. Specif-
ically, in step 4, the MACL first randomly selects one updating
VB and then marks his neighbors and neighbors’ neighbors
as non-updating state. For those remaining unmarked nodes,
MACL successively implements the rule mentioned above until
all VBs’ states are determined. For instance, VB 1, 12 and 14 in
Fig. 3 are selected to update their actions at one iteration step,
and we mark the selected VBs’ neighboring sets in the directed
hypergraph.

In the k-th iteration, let ΛA i
(k) represent the VB i’s ac-

tion probability distribution over action set Ai and qai
i (k) ∈

ΛA i
(k) denotes the selected probability of action ai(k). The

selected VBs update their actions with probability following the
Boltzmann-Gibbs rule as:

qai
i (k + 1) =

exp (βUi(ai,aNi
(k)))

∑
ā i ∈A i

exp (βUi(ai,aNi
(k)))

, (17)

where β is the learning parameter which satisfies β > 0 and can
be interpreted as the rational level of the players. Furthermore,
MACL is implemented in the cloud and the information ex-
change among VBs can be easily done with a limited cost. Until
MACL converges, VBs feedback the final result to the physical
devices. The details of MACL are given in Algorithm 1.

Theorem 2: If the learning parameter β is sufficiently large,
MACL can maximize the normalized network capacity with an
arbitrarily high probability.

Proof: We will give a sketch proof following the similar lines
in [9]. In the Theorem 4 of [9], it is proved that SAP can achieve
the global maxima of the potential function with an arbitrarily

Algorithm 1: Centralized-Distributed Multi-Agent Concur-
rent Learning Algorithm (MACL).

Step 1: WSP maps the physical communication networks
to a VDN in the cloud.

Step 2: Collect the context information of each node and
construct the directed hypergraph interference
model.

Step 3: All the VBs (players) exchange information with
their ‘coupled’ neighbors.

Step 4: In the k-th iteration, randomly select multiple
concurrent VBs in hypergraph. For any two
selected VBs i and j, Ni ∩ Nj = ∅. The selected
brokers update their actions probability
distribution ΛA i

(k) as (19). Then, the selected
players randomly select an action according to the
ΛA i

(k + 1). Other players’ actions maintain
unchanged as ai(k + 1) = ai(k).

Step 5: If the predefined maximum number of
iteration steps kmax is reached, stop; else go to
Step 2.

Step 6: VBs feedback the learning result to the
corresponding physical devices.

high probability. In MACL, the randomly selected VBs at each
iteration do not affect each other in the improved directed in-
terference hypergraph. MACL can be viewed as the concurrent
version of SAP for the improved directed hypergraph. There-
fore, MACL can converge to the global optimum of potential
function and maximize the normalized network capacity with
an arbitrary high probability.

There is no accurate complexity analysis for learning algo-
rithm. Roughly speaking, at each iteration of SAP, one player
is randomly chosen to alter its action after calculating M+1
available rewards from its channel set. Accordingly, the com-
plexity of SAP is O(T (M + 1)), where T is the number of
iteration steps. For the proposed MACL, at one iteration, the
total complexity is O(N(M + 1)), because the complexity of
multiple VBs’ selection is O(N). Similarly, the overall com-
plexity of MACL is O(TN(M + 1)). Note that convergence
rate of MACL is faster than SAP, so MACL can converge with
significantly less iteration steps. Furthermore, the complexity
burden of each selected VB is only O(M + 1) at one iteration.
For the hypergraph-coloring scheme in [1], the computational
complexity is O(N 3).

On the other hand, MACL scheme tends to be more robust
to network topology dynamic, because the changes in topology
may only affect the devices in a local region, and their corre-
sponding VBs can quickly learn the new access strategy with a
relatively low computation complexity.

IV. SIMULATION RESULTS

In this section, simulations are conducted to evaluate the per-
formance of the proposed MACL. We construct random directed
hypergraph with Q = 3 to model the ultra-dense communication
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Fig. 4. Convergence behavior of the proposed learning algorithm.

Fig. 5. Partial players’ strategy update in the learning process of MACL.

scenario in a relatively small region.3 The number of available
channels M and active end users N are set as 3 and 13, respec-
tively. We set the learning parameter β = k, which is increasing
with iteration index k and bounded by 50. Maximum number
of iteration steps is set as kmax = 100. In Fig. 4, we present the
convergence performance comparison of MACL with SAP for a
random directed hypergraph. We can observe that both MACL
and SAP can achieve the optimal solution, which is obtained
by exhaustive search. Moreover, MACL converges significantly
faster than SAP.

In Fig. 5, we present partial players’ strategy update in the
learning process of MACL. It is seen that multiple players can
update their actions simultaneously in the same iteration; for
instance, at the 6-th iteration, player 1, 2 and 5 are selected to
update their strategies. Note that player 3 finally selects channel
0, which stands for the sleeping strategy.

We generate 1000 random D2D networks, and then evaluate
the performance metric of the average normalized capacity for

3As shown in [1], [5], Q = 3 can achieve a good tradeoff between perfor-
mance approximation and computation complexity for hypergraph.

Fig. 6. Average normalized network capacity versus iteration steps.

the proposed MACL in Fig. 6. In the current system config-
uration, MACL can get an improvement of 8.42% compared
with hypergraph-coloring scheme [1]. The reason lies in that
MACL fully considers the asymmetric interference relation-
ship; hence, the channel allocation strategy is more appropriate
and close to the optimal solution. On the other hand, the perfor-
mance of MACL is better than SAP (for both directed and undi-
rected hypergraph) because of its fast convergence rate within a
given kmax .

V. CONCLUSION

In this paper, we studied the channel allocation for ultra-dense
D2D communications based on directed hypergraph interfer-
ence model. We formulated this problem as a local cooperation
game in the cloud, which is proved to be an exact potential game
admitting at least one PNE. Then, we designed a multi-agent
concurrent learning algorithm to converge to the optimal PNE,
which yields an optimal solution for the given optimization
problem.
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